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symmetric function of the roots

If a function involving all the roots of an equation is unaltered |

the roots are interchanged, it 1s called a symmetric function of the roots.

LB O, O3 085565 o, be the roots of the equation.

fx)=x"+px" "+ "+ . +py=0.
We have .
S1=2a==—pj

Sr =2 o0 =p2



S3=Xa 0p03==—p3

Without knowing the values of the roots separately in terms of the coefficients, by using the
above relations between the coefficients and the roots of an equation, we can express any

symmetric function of the roots in terms of the coefficients of the equations.

Example 1. If o, B, y are the roots of the equations X" + px2 +qx +r=0, Express the value

of £ o [ in terms of the coefficients.
Solution.
Wehave a+fB+y=-p
af+Py+tya=gq
afy= -r.
La’p =a’p+ o’y + ot Py +riaty’p
= (ap + By +ya) (0 + B +y) - 3afy
=q(=p)-3(-1)
=3r-pq.

Example 2. If o, , v, 0 be the roots of the bi quadratic equation x* + px3 + qx2 +rx +s=0,

Find()Xa®, Q)X ’ By, 3)Z o’ B>, (@) Z o’ Band (5) X o,
Solution.
The relations between the roots and the coefficients are
at+pB+y+d=-p.
afp +oy+ad+Py+po+yd=q

afy + apd + ayd +Pyd=-r



afyd =s.
Zf=f+ﬁ+f+§
=(a+ Pty +8)° =2 (ap+ay+ad+ Py + B +75)
=) -2 af
:p2—2q.
S o By = (aBy + aPd + ayd + Byd) (a+ B +y + 8) — 4 aPyd
=(Z afy) (X o) —4 opyd
=pr—4s.
2‘(12 |32=l12|32+(12"/2+€1252+I32Y2+[3252+Y252
=(2a[3)2—22a2[37—6a[375
5
=q —2(pr—4s)—6s
2
=q —2pr+ 2s.
Yol B=(2a’) (ap) -2 o’ By
= (p’ - 29) q - (pr — 4s)
2 2
=p°q-2q —pr+4s.
Tol=Cdd)’ -2z’ p?
= (p° - 2)* =2 (- 2pr + 25)
= p4 - 4p2q + 2q2 + 4pr —4s.

Example 3. If o, B, y are the roots of the equation X° + ax” + bx + ¢ =0, from the equation

whose roots are af3, By, and ya.

Solution.



The relations between the roots and coefficients are
a+tB+y=-a
aff + Py +ya=b
apy =—c.
The required equation is

(x—af) (x—Py) (x—ya)=0
e, x*—x (af + By +va) (’By + aB’y + aPy’) x — o’y =0
ie., x'—x" (@B+Py+ya)+xaPy (@+B+y) - (apy)’ =0
ie., X3 = bx2 +acx — 02 =1

Example 4. If o, B, y are the roots of the equation X + px2 + gx + r =0, from the equation

whose roots are p+y—2a,y +a—2B, a +  2y.
Solution.
Wehavea+B+y=-p
af + Py +ya=q
afy=-r.
In the required equation
S; =Sumoftheroots=B+y—-20+y+a-2p+a+p—2y
=0.
S> = Sum of the products of the roots taken two at a time

=B+y-20)(y+ta-2p)+(P+y-20)(a+P-2y)+(a+P-2y)(y+a-
2B)

=(a+pB+y-3a)(a+p+y-—3p)+ 2 similar terms

=(-p-30)(-p-3f)+(-p-30)(-p-3y)+(-p-37) -p-3P)



=(P+30) (p+3p)+ (p+30) (p+37)+(p+3y) (p+3P)
=3p +6p (@+B+y)+9 (B + Py +va)

= 3p2+6p(—p)+9q

=9q - 3p2.

S3 = Products of the roots
=(B+v-20) (v +a-2p) (a+p-2y)
=(a+B+y-30)(a+P+y-3p)(a+B+y-3y)
=(p-30) =p-3f) (-p-3v)

3 2
=={p +3p (@ +P+y)+9 (af +Py+ya) +27 afy }
3 2
=={p +3p" (=p)+9pq-27r}
2
=2p —-9pq+27r
Hence the required equation is
X3—-31X2+SZX—S3:U
. 3 2 3
ie,Xx +(9q-3p)x-(2p" —9pq +27r) =0.
Example 5. If a, B3, y are the roots of the equation X+ px2 + gx + r =0 prove that

(D) @+B)P+y)y+a) =r—pq
2) (l3+|33 +'y3 = —p3+3pq—3r.

Solution.
Wehavea+B+y=-p
af + Py +ya=gq
afy =-r.

(1). @+B)B+yXy+a) = [-(p+a)p+P)(p+7I]



Sincea+pB+y=-p SotpP =-p-vy

—[p*+p° (@+ B +7y) +p (0f + Py + ya) + afy]

~[p'+p’ x—p+pq-rl=—[p'—p’+pq—r] =r-pq.
(2). o’ +B* +7°-3aPy=(a+ B+ o’ + B+ v~ (af + By + ya)]
Yal=Ya[Ya®-Yap]+3apy;

ButYa’=Qa) -2Yap

Therefore ¥ a® = Y a [(X a)? — 33X aB] + 3apfy; = - plp2 — 3q] — 3r =—p3 + 3pq —
3r.

Example 6. If o, B, y are the roots of the equation x> + gx + r =0 find the values of

(I)Zm

B2+y?
@5

Solution.

Since a, B, y are the roots of the equation X" + qx+r=0.
Wehavea+p+y=0
ap + Py +ya=q
afy=-r.

Therefore  +y=—-a

(l)-2ﬁ=2_l—a: [ + 4 ] 2_“‘3;_‘?:2

Y -r L2

ﬁ +y (B+y)% -2y E[a +2'] Ea +2r
@ pEA -y Girioayy He -Za-255

:—ZrEaL; since @ =0

1 S PP 282482y24y2¢2  (Sap)? .
But $57 = gt 57 = S amghr = (e Sinee (@B + By + yo)? = Ta%p +

20y Y a = Y a?B?;since Y a = 0



2p2 _ 2.1 4% _q?
Talfl=qT5=5=5

Ly B2 _ =240 -2¢°

B+y re r '

Example 7. If a, B, y are the roots of the equation L px2 + gx — r = 0 find the value of
p2+y?
1). Y ——
(1.2 By

2.X(B+y-a)

Solution.

Since a, 3, y are the roots of the equation x° — px2 +qx-r=0

We have at+tB+y=p

app + Py +ya=q

afy =r.
B4y p24y? | a’+p? | al4y? _ a(BP+yH)+y(a®+B%)+p(aP+y?)

1). = =
()Eﬁr ﬂv+ﬂﬁ+ar afy
~Ya?p
T afy

ButY a?f =(af + By + ya)(a + B + y) — 3afy

Y a?p . (ap + By + ya)(a + B +y)=3afy _ap-3r
apy apy ro

2).ZB+y-a)=Y(a+B+y—2a)*=3X(p - 2a)* = T(p* + 4a’® — 4ap)

=3p’+4Y a’ —4p Y ap

= 3p? +4[(Za)2 —2Zaﬁ]—4p2

= 3p? + 4p? — 8q — 4p?

= 3p? - 8q.



Example 8. If a, 3, y are the roots of the equation ax” + bx” + cx + d = Ofind the value of

Z az’g 2
Solution.

Since a, B, v are the roots of the equation ax’ +bx" +cx +d =0

We have ot+tp+y= —

—d
afy =—
by% c
¥ I L Y, _a2+ﬁz+r2_(a+B+¥)2—2(ﬂﬁ+Br+va)_('E) -2(3)
RS TRt Nt et Pt (aBy ) . (d')z

_ b%-2ac
=—




